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Nonlinear state model
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L1 == fl(taxla"'aipnaula'"9up)
Ty = fZ(taxla"'a$nau19'"9up)
Ty = fn(taxla'"9$n9u19"'9up)

a; denotes the derivative of x; with respect to the time
variable ¢

uy, uz, ..., u, are input variables

xr1, T2, ... x, the state variables
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Nonlinear state model EWs
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f(t,z, u)
h(t,z,u)

T

Yy

x IS the state, w is the input
y 1S the output (g-dimensional vector)
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Special cases
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Linear systems r = A(t)x + B(t)u
Autonomous systems r = f(t,x)
Time-invariant systems i — f(g[j’fu,)
Linear Time-invariant (LTl) systems & = Ax + Bu
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Existence and uniqueness of solutions DEWS
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i':f(tam) ~

f(t, x) is piecewise continuous in t and locally Lipschitz in
x over the domain of interest

f(t, x) is piecewise continuous in £t on an interval J C R If
for every bounded subinterval Jy C J, f is continuous in ¢
forall t € J,, except, possibly, at a finite number of points

where f may have finite-jump discontinuities

f(t, x) is locally Lipschitz in « at a point x¢ if there is a
neighborhood N (xzg,7) = {x € R" | ||x — xo|| < r}
where f(t, x) satisfies the Lipschitz condition

||f(t,:r)—f(t,y)|| S L”ﬁ["_ynz| L >0
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Local existence and uniqueness of solutions Ews
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z = f(t, )

A function f(t, «) is locally Lipschitz in  on a domain
(open and connected set) D C R™ if it is locally Lipschitz at
every point xg € D

Lemma: Let f(¢, x) be piecewise continuous in ¢t and
locally Lipschitz in « at xq, for all t € [tg, t1]. Then, there is
o > 0 such that the state equation © = f(¢, =), with

x(ty) = xo, has a unique solution over [tg, tg + J]

Example: f(z) = —a? is locally Lipschitz for all
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Global existence and uniqueness of solutions DEWS
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z = f(t, )

A function f(t, x) is globally Lipschitz in x if

| f(t,z) — f(t,y)|| < Lilz—yl|

for all z, y € R™ with the same Lipschitz constant L

Lemma: Let f(%,x) be piecewise continuous in ¢ and
globally Lipschitz in = for all t € [to, t1]. Then, the state
equation = = f(t,x), with =(to) = xo, has a unique
solution over [tg, t1]

Example: f(x) = —x? is locally Lipschitz for all = but not globally
Lipschitz because f'(x) = —2x is not globally bounded
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Nonlinear phenomena DEWS
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Finite escape time

Multiple isolated equilibrium points

Limit cycles

Subharmonic, harmonic, or almost-periodic oscillations

Chaos

AN NN NN

Multiple modes of behavior
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Linearization DEWS
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A common engineering practice in analyzing a nonlinear
system is to linearize it about some nominal operating point
and analyze the resulting linear model

What are the limitations of linearization?

#® Since linearization Is an approximation in the
neighborhood of an operating point, it can only predict
the “local” behavior of the nonlinear system in the
vicinity of that point. It cannot predict the “nonlocal” or
“global” behavior

® There are “essentially nonlinear phenomena” that can
take place only in the presence of nonlinearity
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Equilibrium points DEWS
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A point x = x* In the state space iIs said to be an
equilibrium pointof & = f(t, x) If

r(tg) = = x=(t)=x", Vit >ty

For the autonomous system & = f(x), the equilibrium
points are the real solutions of the equation

f(x) =0

An equilibrium point could be isolated; that is, there are no
other equilibrium points in its vicinity, or there could be a
continuum of equilibrium points
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Equilibrium points DEWS
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A linear system 2 = Ax can have an isolated equilibrium
point at x = 0 (if A Is nonsingular) or a continuum of
equilibrium points in the null space of A (if A Is singular)

It cannot have multiple isolated equilibrium points |, for if 2,
and xp are two equilibrium points, then by linearity any point

on the line ax, + (1 — a)axp connecting x, and x; will be
an equilibrium point

A nonlinear state equation can have multiple isolated
equilibrium points .For example, the state equation

r1 = xr9, & = —asinxr] — bxo

has equilibrium points at (z; = nm,xs = 0) for
n=0,+1,+2,---
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Equilibrium points Ews
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i = f(x)

f Is locally Lipschitz over a domain D C R"
Suppose & € D is an equilibrium point; that is, f(z) = 0
Characterize and study the stability of x

For convenience, we state all definitions and theorems for
the case when the equilibrium point is at the origin of R™;
that is, # = 0. No loss of generality

y=z = f(x) = f(y+2) = g(y), whereg(0) =0
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Stability of equilibrium points DEWS
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Definition: The equilibrium pointx = 0of 2 = f(x) Is

#® stable if foreach e > 0 thereis § > 0 (dependent on ¢)
such that

|1z (0)]| <o = |[z(t)]| <e, VE=>0
® unstable if it is not stable

#® asymptotically stable if it is stable and é can be chosen
such that

|2(0)]| < &= lim @(t) =0
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Asymptotic Stability DEWS
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e Givenz = f(z),let pbe an equilibrium, i.e. f(p) = 0.

e The equilibrium p is stable if for any ¢ > 0, there is
a d(¢), such that the trajectory with initial condition
xo, with [|zg — p|| < 0(¢) remains within e distance
from p.

/
) €

stable
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Asymptotic Stability DEWS
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e The equilibrium p is asymptotically stable if for any
¢ > 0, there is a d(¢), such that the trajectory with
initial condition =z, with ||z — p|| < 0(¢) remains
within ¢ distance from p and converge to p.

Asymptotically stable
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Definition: Let the origin be an asymptotically stable
equilibrium point of the system & = f(x), where f is a
locally Lipschitz function defined over a domain D C R"
(0 e D)

#® The region of attraction (also called region of
asymptotic stability, domain of attraction, or basin) is the
set of all points x¢ In D such that the solution of

= f(x), x(0)=xo

s defined for all ¢ > 0 and converges to the origin as ¢
tends to infinity

#® The origin is said to be globally asymptotically stable if
the region of attraction is the whole space R"
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Stability of linear time invariant systems D;Ew__s
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e A system is stable if with zero input, starting from
any initial condition, the state trajectory converges

to zero.
lim z(t) = lim e*2(0) = 0.

t—0o0 t—0o0

o L(e?) = (sI — A)~'. The polynomial det(sI — A) is
called the characteristic polynomial.

e The system is stable if and only if all the roots of the
characteristic polynomial have negative real part.

e Stability also implies that bounded input will pro-
duce bounded output.
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Stability of LTI systems DEWS
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Theorem: The equilibrium point x = 0 of x = Ax Is stable if
and only if all eigenvalues of A satisfy Re[\;] < 0 and for
every eigenvalue with Re[\;] = 0 and algebraic multiplicity
q; > 2, rank(A — \;I) = n — g;, where n is the dimension
of «. The equilibrium point x = 0 is globally asymptotically
stable if and only if all eigenvalues of A satisfy Re[A;] < 0

When all eigenvalues of A satisfy Re[\;] < 0, A is called a
Hurwitz matrix

When the origin of a linear system is asymptotically stable,
Its solution satisfies the inequality

()| < kl|z(0)|le”, ViE>0
E>1,A>0
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Exponential Stability DEWS
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Definition: The equilibrium point z = 0 of x = f(x) Is said
to be exponentially stable if

Jz(t)|| < k[|z(0)|[e™™, ViE>0
k> 1, A> 0, forall [|[z(0)| < ¢

It Is said to be globally exponentially stable if the inequality
Is satisfied for any initial state x(0)

Exponential Stability = Asymptotic Stability
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Linearization Ews
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i = f(x), F(0)=0 —

f is continuously differentiable over D = {||z|| < r}

J(x) =

Set A = J(0). In a small neighborhood of the origin we
can approximate the nonlinear system o = f(x) by Iits
linearization about the origin & = Ax

Theorem: @ The origin is exponentially stable if and only if
Re[\;] < 0 for all eigenvalues of A

® The origin is unstable if Re[A;] > 0 for some 2

Linearization fails when Re[\;] < 0 for all z, with
Re[A;] = 0 for some ¢
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Linearization: example DEWS
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Theorem: @ The origin is exponentially stable if and only if
Re[\;] < 0 for all eigenvalues of A

® The origin is unstable if Re[A;] > 0 for some 2

Example

r = ax®

_9F

A =
ox =0

— 3(1:132};1::0 — 0

Stable if a = 0; Asymp stable if a < 0; Unstable ifa > 0
When a < 0, the origin is not exponentially stable
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Lyapunov Stability DEWS
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Let V (x) be a continuously differentiable function defined in
adomain D C R™; 0 € D. The derivative of V along the
trajectories of x = f(x) is

: "oV "oV
V(z) = T = fi(x)
; ox; ; ox;
- fi(x)
_ [ v 9V A% } fa()
dxri1’ Odx2’ """ 7 Oxn
i In(x) 1
oV
— af(ﬂi')
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Lyapunov Stability Theorem

# |[fthereis V (x) such that
V() =0 and V(z) >0, Vaec D/{0}

V(z) <0, Yaz€D

then the origin is stable
# Moreover, if
V(z) <0, V€& D/{0}
then the origin is asymptotically stable
#® Furthermore, if V(z) > 0,V x # 0,

and V(z) < 0,V « # 0, then the origin is globally
asymptotically stable

DEWS

CENTER OF EXCELLENCE
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Lyapunov Stability Theorem
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Terminology

—

V(0) =0, V() >0forx #0

Positive semidefinite

Positive definite

Negative semidefinite

()
()—O V(iz) > 0forx #0
V(0) Viz) < Oforx #0
() Vix) < O0forx # 0

Negative definite

Radially unbounded

Lyapunov Theorem: The origin is stable if there is a
continuously differentiable positive definite function V (x) so

that V' (x) is negative semidefinite, and it is asymptotically

stable if f/(:;c) IS negative definite. It is globally
asymptotically stable if the conditions for asymptotic
stability hold globally and V (x) is radially unbounded
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Lyapunov Functions EWs
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A continuously differentiable function V' (x) satisfying the
conditions for stability 1s called a Lyapunov function.

n
Quadratic Viix) = r! Px = Z Zpijmiwj; pP=pr
Lyapunov i=1j=1
Functions ) - )
Amin(P) ||| < " Pe < Amax(P)||z|
P > 0 (Positive semidefinite) if and only if A\;(P) > 0 V2
P > 0 (Positive definite) if and only if X\;(P) > 0 V2

V (x) Is positive definite if and only if P is positive definite

V (x) Is positive semidefinite if and only if P is positive

semidefinite

P > 0 if and only if all the leading principal minors of P are
positive
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Lyapunov Functions for LTI systems DEWS
CENTER OF EXCELLENCE

—

r = Ax
V(z) = 2! Pa, P=P'>0

V(z) = 2" Pi + TPz = 2T (PA + ATP)2 ¥ —2TQq

If Q > 0, then A is Hurwitz

Or choose Q > 0 and solve the Lyapunov equation
PA+ ATP=-Q
If P > 0, then A is Hurwitz
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Lyapunov Theorem for LTI systems Ews
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Theorem A matrix A is Hurwitz if and only if for any

Q = Q' > 0thereis P = PT > 0 that satisfies the
Lyapunov equation

PA+ ATP=—-qQ

Moreover, if A Is Hurwitz, then P is the unique solution

Embedded Systems 2012/13



Outline @
CENTER OF EXCELLENCE

" Introduction: nonlinear models
= Stability of equilibrium points

= Lyapunov Stability

= Examples




Example 1

1

T2

A =

has eigenvalues (—1
asymptotically stable

oF

ozx x=0

= jV/3)/2.

xr1 + (a:% — 1)xo

0 —1

1 —1

L3
CENTER OF EXCELLENCE

—

Hence the origin is
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Example 2: pendulum equations without friction DEWS
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1 T2

To — asin xq
_ 1 _.2
V(z) = a(l — cosxy) + 575

V(0) = 0 and V (x) is positive definite over the domain
—2m < x1 < 27

V(x) = axysinxy + xaxs = axrgsinxy — axrgsinx; = 0
The origin is stable

Since V(ac) = (0, the origin 1s not asymptotically stable
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Example 3: pendulum equations with friction DEWS
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1 T2

T — asinaxy — baxoy

1
V(z) =a(l —cosxzy) + 5:13%

V() = axysinxy + xoxs = — bm%

The origin is stable

V(m) Is not negative definite because f/(gg) —Q0forxze =0
irrespective of the value of x4
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Example 3: pendulum equations with friction

The conditions of Lyapunov’s theorem are only sufficient.
Failure of a Lyapunov function candidate to satisfy the
conditions for stablility or asymptotic stability does not mean
that the equilibrium point is not stable or asymptotically
stable. It only means that such stability property cannot be
established by using this Lyapunov function candidate

Try
V(z) = ia'Px+ a(l — cosx)

[m1 :1:2] [ P11 P12 ] [ 1

b= b=

+ a(l — cos x1)
P12 P22 L2

pi1 >0, prip22 — p%z > 0
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Stability of nonlinear systems DEWS
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In the following we focus on the following stability notions:

= Global Asymptotic Stability (GAS)

" |nput-to-State Stability (ISS)

=" |ncremental Global Asymptotic Stability (0-GAS)
" |ncremental Input-to-State Stability (0-ISS)
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Stability of nonlinear systems DEWS
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1- A continuous function o [0,a) — [0,) Is said to be a class K function if it is
strictly increasing and a(0) = 0. Function o [0,0) — [0,) is said to be a class
K, Ifitis a class K function and lim,_,_ a(r) = c.

2- A continuous function f3: [0,a) x [0,:0) — [0,0) is said to be a class KL
function if for each fixed s, function B(r,s) is a class K function and for each
fixed r, function B(r,s) is decreasing and tends to zero as s goes to .

talx)

ala)

N

I

|

|

|

|

|

|

0 a
K

-
-

Figura 8 — Funzione di classe
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Global Asymptotic Stability DEWS
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The equilibrium x=0 of x =f(x,u) is Globally Asymptotically Stable (GAS)
If there exists a KL function B so that foranyt=20,y e R"andu =0

I x(EY.0) Il = B(IIVl], t)

Theorem:

The equilibrium x=0 of x=f(x,u) is GAS if there exists a smooth
function V : R" - R* such that:

) V(X)>0forallx e R"and V(x) =0ifand only if x =0
i) dVv/dx f(x,0) <0 forall x € R"

Further details from H. K. Khalil, Nonlinear Systems (3rd Edition), Prentice Hall, 2002
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Input-to-State Stability DEWS
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A control system X =f(X,u) is Input-to-State Stable (ISS) if there exist a
KL function B and a K, function y so that foranyt=0,y € R" and u

I x(@y,u) [l = BCIIll . t) +y(llull. )

Theorem:

A control system X =f(X,u) is ISS if there exists a smooth function
V:R"—> R*and K functions a4, a,, p, o such that:

) o (IX]])SV(Xx)<a,(]|x]]) forallx e R
i) dV/dx f(x,u) <-p (|[x]] ) + o (]lu]| ) forallx e R"and u € R™

Further details from H. K. Khalil, Nonlinear Systems (3rd Edition), Prentice Hall, 2002
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Incremental Global Asymptotic Stability DEW__S
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A control system X =f(x,u) is Incrementally Globally Asymptotically

Stable (56-GAS) if there exists a KL function g so that forany t=0, y,z € R"
and u

” X(t,y,U) B X(t,Z,U) ” s B( “y_Z”’ t)

X(., ¥, u)

Additional details from D. Angeli, A Lyapunov approach to incremental stability properties,
IEEE-TAC 02
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Incremental Global Asymptotic Stability DEW_S
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A control system X =f(x,u) is Incrementally Globally Asymptotically
Stable (56-GAS) if there exists a KL function g so that forany t=0, y,z € R"
and u

” X(t,y,U) B X(t,Z,U) ” s B( “y_Z”’ t)

Theorem: _
A control system X =f(X,u) is 3-GAS if there exists a smooth function
V:R"x R"— R* and K_, functions a4, a,, p such that:

Doy (I x-yl)<VIxy)<a, (|| x=y]l) forallxy e R"

i) dVv/dx f(x,u) + dv/dy f(y,u) <-p (|| x=Yy|| ) forall X,y € R"and u € R™

Additional details in D. Angeli, A Lyapunov approach to incremental stability properties,
IEEE-TAC 02
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Incremental Input-State Stability Dg_ws
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A control system X =f(X,u) is Incrementally Input-to-State Stable (5-1SS) if

there exist a KL function B and a K, function y so that forany t=0,y, z € R"
and u, v

I x(ty,u) - x(t.z,v) || < BClly - Zll, §) +y(llu - Vil )

< y(llu-vll.)

Further details in D. Angeli, A Lyapunov approach to incremental stability properties,
IEEE-TAC 02
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Incremental Input-State Stability DEWS
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A control system X =f(x,u) is Incrementally Input-to-State Stable (5-1SS) if
there exist a KL function B and a K, function y so that forany t=0,y, z € R"
and u, v

I x(ty,u) - x(t.z,v) || < BClly - Zll, §) +y(llu - Vil )

Theorem:

A control system X =f(x,u) is 5-ISS if there exists a smooth function
V:R"x R"— R* and K_, functions a4, a,, p, c such that:

) oy (I -yl ) <V(xy)<a, (lIx-y||) forallxy e R"

i) dV/dx f(x,u) + dv/dy f(yv) <-p (|Ix-Yy|| ) + o (|Ju-vV]|) forall X,y € R"
and u,v € R™

Further details from D. Angeli, A Lyapunov approach to incremental stability properties,
IEEE-TAC 02
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Connections among Stability Notions DEWs
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0-ISS >0-GAS
ISS > GAS

Homework:
1)  Prove such connections!
2) How do these notions specialize to the case of linear control systems?
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