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Nonlinear state model 



Embedded Systems 2012/13 
 

Nonlinear state model 

Embedded Systems 2012/13 
 



Embedded Systems 2012/13 
 

Special cases 

Linear systems 

Autonomous systems 

Time-invariant systems 

Linear Time-invariant (LTI) systems 
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Existence and uniqueness of solutions 
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Local existence and uniqueness of solutions 

Example: 
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Global existence and uniqueness of solutions 

Example: 
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Linearization 
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Stability of equilibrium points 
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Asymptotic Stability 
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p 

Asymptotically stable 

Asymptotic Stability 
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Region of attraction and global stability 
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Stability of linear time invariant systems 
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Stability of LTI systems 
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Exponential Stability 
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Lyapunov Stability 
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Lyapunov  Stability Theorem 
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Lyapunov  Functions 

Quadratic 

Lyapunov 

Functions 
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Lyapunov  Functions for LTI systems 
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Example 2: pendulum equations without friction 
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Example 3: pendulum equations with friction 
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Example 3: pendulum equations with friction 
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Stability of nonlinear systems 

In the following we focus on the following stability notions: 

 

 Global Asymptotic Stability (GAS) 

 Input-to-State Stability (ISS) 

 Incremental Global Asymptotic Stability (-GAS) 

 Incremental Input-to-State Stability (-ISS) 
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1- A continuous function : [0,a)  [0,) is said to be a class K function if it is 

strictly increasing and (0) = 0. Function : [0,)  [0,) is said to be a class 

K  if it is a class K function and limr (r) = . 

 

2- A continuous function : [0,a) x [0,)  [0,) is said to be a class KL 

function if for each fixed s, function (r,s) is a class K function and for each 

fixed r, function (r,s) is decreasing and tends to zero as s goes to . 

Stability of nonlinear systems 
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The equilibrium x=0 of                   is Globally Asymptotically Stable (GAS) 

if there exists a KL function  so that for any t ≥ 0, y  Rn and u = 0 

 

|| x(t,y,0) || ≤ ( ||y||, t ) 

  

 

Theorem: 

The equilibrium x=0 of                      is GAS if there exists a smooth 

function V : Rn  R+ such that: 

 

i) V(x)  0 for all x  Rn and V(x) = 0 if and only if x = 0 

 

ii) dV/dx f(x,0) < 0 for all x  Rn 

 

 

 

 

Further details from H. K. Khalil, Nonlinear Systems (3rd Edition), Prentice Hall, 2002 

Global Asymptotic Stability 

)u,x(fx 

)u,x(fx 
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A control system                  is Input-to-State Stable (ISS) if there exist a 

KL function  and a K function  so that for any t ≥ 0, y  Rn  and u  

 

|| x(t,y,u) || ≤ ( ||y|| , t ) + ( ||u|| )  

 

 

Theorem: 

A control system                  is ISS if there exists a smooth function  

V : Rn  R+ and K functions 1, 2, ,  such that: 

 

i) 1 ( ||x|| )  V( x )  2 ( ||x|| )  for all x  Rn  
 

ii) dV/dx f(x,u) < -  ( ||x|| ) +  ( ||u|| )  for all x  Rn and u  Rm  

 

 
Further details from H. K. Khalil, Nonlinear Systems (3rd Edition), Prentice Hall, 2002 

)u,x(fx 

Input-to-State Stability 

)u,x(fx 
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A control system                   is Incrementally Globally Asymptotically 

Stable (-GAS) if there exists a KL function  so that for any t ≥ 0, y,z  Rn  

and u 

 

|| x(t,y,u) - x(t,z,u) || ≤ ( ||y-z||, t ) 

 

 

 

 

 

 

 

 

 

 
Additional details from D. Angeli, A Lyapunov approach to incremental stability properties,  

IEEE-TAC 02 

Incremental Global Asymptotic Stability 

z 

y 

x(., z, u) 

x(., y, u) 

t 

)u,x(fx 
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A control system                   is Incrementally Globally Asymptotically 

Stable (-GAS) if there exists a KL function  so that for any t ≥ 0, y,z  Rn  

and u 

 

|| x(t,y,u) - x(t,z,u) || ≤ ( ||y-z||, t ) 

  

 

Theorem: 
A control system                  is -GAS if there exists a smooth function  

V : Rn x Rn  R+ and K functions 1, 2,  such that: 

 

i) 1 ( || x - y || )  V( x, y )  2 ( || x – y || )  for all x,y  Rn  

 

ii) dV/dx f(x,u) + dV/dy f(y,u) < -  ( || x – y || )  for all x,y  Rn and u  Rm  

 
Additional details in D. Angeli, A Lyapunov approach to incremental stability properties,  

IEEE-TAC 02 

)u,x(fx 

Incremental Global Asymptotic Stability 

)u,x(fx 
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A control system                   is Incrementally Input-to-State Stable (-ISS) if 

there exist a KL function  and a K function  so that for any t ≥ 0, y, z  Rn   

and u, v  

 

|| x(t,y,u) - x(t,z,v) || ≤ ( ||y - z||, t) + ( ||u - v|| )  

 

 

 

 

 

 

 

 

 

 
Further details in D. Angeli, A Lyapunov approach to incremental stability properties,  

IEEE-TAC 02 

 ≤ (||u-v||) 

t   

z 

y 
x(., z, v) 

x(., y, u) 

t 

Incremental Input-State Stability 

)u,x(fx 
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A control system                   is Incrementally Input-to-State Stable (-ISS) if 

there exist a KL function  and a K function  so that for any t ≥ 0, y, z  Rn   

and u, v  

 

|| x(t,y,u) - x(t,z,v) || ≤ ( ||y - z||, t) + ( ||u - v|| )  

 

Theorem: 

A control system                  is -ISS if there exists a smooth function  

V : Rn x Rn  R+ and K functions 1, 2, ,  such that: 

 

i) 1 ( ||x - y|| )  V( x, y )  2 ( ||x - y|| )  for all x,y  Rn  

 

ii) dV/dx f(x,u) + dV/dy f(y,v) < -  ( ||x - y|| ) +  ( ||u - v|| )  for all x,y  Rn 

and u,v  Rm   

 
Further details from D. Angeli, A Lyapunov approach to incremental stability properties,  

IEEE-TAC 02 

)u,x(fx 

)u,x(fx 

Incremental Input-State Stability 
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Connections among Stability Notions 

-ISS -GAS 

 ISS  GAS 

f(0,0)=0 f(0,0)=0 

 

 

 

 

 

 

 

 

 

 

 

Homework:  

1) Prove such connections! 

2) How do these notions specialize to the case of linear control systems? 


